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Chapter 1

The maximum principle and principal
eigenvalue for single equations

Abstract In this chapter we will discuss the maximum principle for single parabolic
and elliptic equations, where we introduce the useful concept of super- and sub-
solutions in a generalized sense which enables the gluing of families super- or
subsolutions. Next, we derive the existence of principal eigenvalue by applying the
Krein-Rutman Theorem. We will also determine the limit of principal eigenvalue as
the diffusion rate tends to zero or infinity. Finally, we will give a characterization of
the maximum principle based on the existence of a strict positive supersolution.

1.1 The maximum principle for single parabolic equations

Let Q be a bounded domain in RY with smooth boundary dQ, and let n = (n;)Y,
be the unit outward normal vector on 0Q2. For T > 0, denote

Qr =Qx(0,T], Qr=Qx[0,T], SQr=dQx(0,T], PQr =Qr\Qr.

Consider the linear parabolic operator in non-divergence form with continuous co-
efficients
uy+Lu=u; —a’Djju—b'Diu—cu=f inQr, (1.1)

endowed with the oblique boundary condition
Bu=p'Du+pu=g onSQr, (1.2)
where we adopt the convention to sum over repeated indices. For each i, p’ satisfies
plx,ni(x) >0 and p°>0 ondQx]0,T].
Setting (p;) I’Z | to be the outward unit normal vector n on 9, (1.2) reduces to

n~Vu+pOu=g on SQr,
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and we obtain the Neumann boundary condition when p° = 0, or the Robin boundary
condition when p° > 0 is nontrivial. We note that most of the results in this chapter
continue to hold for the Dirichlet boundary condition.

In this chapter, we assume a'/, b, ¢ € C°(Qr) and the uniform ellipticity condi-
tion; i.e. there exists some constant 1y > O such that

Dl€)? < a(x,0é¢; forallé eRY,  (x,1) € Qr. (1.3)

We define the notions of classical and generalized super- and subsolutions for the
initial-boundary-value problem

ur+ Lu=f(x,t,u,Du) inQr, and Bu=g(x,t) onSQr. (1.4)
Definition 1.1.1 1. We say that u € C>!(Qr) satisfies
ur+ Lu < f(x,t,u,Du) inQr (1.5)

in the classical sense if the inequality is satisfied everywhere in Qr . In this case,
we call u a classical subsolution of u; + Lu = f in Qr. We similarly define the
notion of classical supersolution by reversing the inequality (1.5).

2. We say that u € C10(Qr) satisfies

Bu(x,t) < g(x,t) (resp. Bu > g(x,t)) onSQp,

in the classical sense if the inequality is satisfied everywhere on SQr .

3. We say that u € C (Qr) satisfies (1.5) in the generalized sense if, for each
(x0,%0) € Qr, there exist a neighborhood U of (x, to) in Qr, and ii € C>'(U)
such that & < u in U, ii(xo, t9) = u(xg, tp) and

ii; (x0, to) + Lii(xo,t0) < f(x0,t0, #(X0, t0), Dii(x9, tp)). (1.6)

In such a case, we say that u is a generalized subsolution of u, + Lu = f in Qr.
4. We say that u € C(€Q7) satisfies

ur+ Lu > f(x,t,u, Du) inQr

in the generalized sense if, for fECh (x0,t9) € Qr, there exist a neighborhood U
of (x9, 1) in Qr, and it € C>!(U) such that i > u in U, ii(xo, to) = u(xo, fo) and

ity (x0, t0) + Lii(xo,t0) = f(xo,to, #(x0, t0), Dii(x9, tp)). (L.7)

In such a case, we say that u is a generalized supersolution of u, + Lu = f in Qr.
5. We say that u € C(€Qr) satisfies

ur+ Lu < f(x,t,u,Du) inQr and Bu <g(x,t) onSQr (1.8)

in the generalized sense if for each (xo, o) € ﬁ_x (0, T1], there exist a neighborhood
U of (xo, %) in Qr and a function i € C>'(U) such that ii < u in U, ii(xo, to) =
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u(xo, to), and i satisfies (1.6) in case (xg, tg) € Qr, or
Bii(xo,t9) < g(xp,t9) incase (xg,f) € SQr.

In such a case, we say that u is a generalized subsolution of (1.4).
6. We say that u € C(Qr) satisfies

ur+Lu > f(x,t,u,Du) inQr and Bu>g(x,1) onSQr (1.9)

in the generalized sense if for each (xo, 7o) € gx (0, T], there exist a neighborhood
U of (x¢, t9) in Q7 and a function i € C>'(Qy) such that i > u in U, ii(xo, to) =
u(xg, to), and i satisfies (1.7) in case (xg, t9) € Qr, or

Bii(xo,t9) = g(xo,t9) incase (xo,ty) € SQr.
In such a case, we say that u is a generalized supersolution of (1.4).

Remark 1.1.2 1. We define u,+ Lu < f(x,t,u, Du) in Qr in the generalized sense if
statement 3 in the above definition hold with the inequality in (1.6) being replaced
by a strict inequality. We also define u, + Lu > f(x,t,u, Du) analogously.

2. fu;+Lu < f(x,t,u, Du)in Qp (resp. u;+Lu < f(x,t,u, Du)in Qr or Bu <0
in SQr) in the classical sense, then it automatically holds in the generalized sense.

3. Let u; (i = 1,2) be two classical subsolutions of u; + Lu = f(x,t,u, Du) in Qr,
then u = max{uy, u,} is a generalized subsolution of the same equation in Qr .

4. Let u; (i = 1,2) be two classical supersolutions of u; + Lu = f(x,t,u, Du) in
Qr, then u = min{u, u,} is a generalized supersolution of the same equation in
Qr.

5. Let Ay, A, be relatively open subsets in ﬁT such that ﬁT C (A} U Ajp). Suppose

a. u; (i = 1,2) are generalized subsolutions of u;+Lu = f(x,t,u, Du)in A;NQr,
and
b. u; <uyon (dA;) N A N Qr and u; > up OnAlﬂ(aAz)ﬂQT,

then u = max{uj,us} belongs to C(Qr) and is a generalized subsolution of
the same equation in Q7. A similar statement holds if u; are subsolutions of
ur+Lu= f(x,t,u,Du)in A; NQr and B = g on A; N SQ7. A similar statement
holds for generalized supersolutions.

6. For operators in divergence form with measurable coefficients, the notion of weak
super- and subsolutions can be defined by integration by parts with nonnegative
test functions. See [2] and [10] (and also Problem ??) for gluing of the weak super-
and subsolutions solutions in the H' framework. For operators in non-divergence
form with continuous coeflicients, a general theory is developed for super- and
subsolutions in the viscosity sense [9]. Here we simply observe that the classical
notions of super- and subsolutions can be somewhat generalized (with no change
to the proofs) without using more technical machinery. This covers many usual
constructions [7, 25].

Theorem 1.1.3 (Weak Maximum Principle) Let u € C(Qr) be given.
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1. If uy + Lu < 0 holds in the generalized sense in Qr and u < 0in PQr, then
u<0 inQr,

2. If u; + Lu < 0 holds in the generalized sense in Qr and ¢ < 0 in Qr, then

max u < maxut,
ﬁT PQr

where u* := max{u, 0}.

Remark 1.1.4 Let u € C(Qr) be given. Suppose u; + Lu < 0 and u; + Lu > 0 in
Qr in the generalized sense, and that ¢ < 0. Then

max |u| < max |u| inQr.
§T PQr

See Problem ??.

Remark 1.1.5 For the weak maximum principle when Q is an unbounded domain,
or the entire space, additional growth condition at infinity has to be imposed. See
Section 6.2 in Chapter 6 for the counterpart of Theorem 1.1.3 in that setting.

Proof First, we prove the second assertion. It is enough to prove that

max(u — €t) < max(u — et)* foreach e > 0.
ﬁT PQr

Suppose to the contrary that there exist € > 0 and (xg, ty) € Qr such that maxg (u-
€t) = u(xo, to) — €tp > maxpgq, (u —€t)* > 0. For the point (xo, #o), take the smooth
function # according to the definition of generalized subsolution, so that

i <u in aneighborhood of (xo, t),

1.10
i(xg, t0) = u(xg,t0) >0 and i+ Lii <0 at(xg,1p). ( )

Since u(x, t) — et has a local maximum at (x, ty), it follows that ii(x, ) — et also has
a local maximum at (xg, 7). Hence,

(26 a'Dii+b'D;ii <0, ci <0, at(xpto),

<

so that
iy +Li>e>0 at(xg,1),

which is in contradiction with (1.10). This proves the second assertion.
For the first assertion, let v(x, 1) = e "S"P“u(x, t), then v satisfies

vi—a’Dijy-b/Djv-¢v <0 inQr

in the generalized sense, where ¢ = ¢ — supg,. ¢ < 0 in Qr. We can then repeat the
previous step to deduce that
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max v(x, ) < maxv(x, ) = max e *Por y(x, ) < 0.
ﬁT PQr PQr

This is equivalent to u(x, t) < 0in Q7. This proves the first assertion. O

We also prove that, when ¢ < 0 everywhere, then a generalized subsolution u cannot
attain a positive local maximum in the interior.

Lemma 1.1.6 Let Q be a domain in RN which is possibly unbounded. Suppose u
satisfies u; + Lu < 0 in the generalized sense in Qr, where a'/,b', ¢ € Cioe(Qr)
such that a&:¢; > 0 for all ¢ = (&) € RN. If ¢ < 0in Qr (but not necessarily
bounded from below), then u cannot attain a positive local maximum at an interior
point.

Proof Suppose to the contrary that u has a local maximum point (xg, tp) € Q7 such
that u(xg,#p) > 0. Then by the definition of generalized subsolution, there exists a
smooth function # such that # < u in a neighborhood of (x¢,#p) and that equality
holds at (x, t9). Hence, #i also attains a positive local maximum value at (xo, 7g), SO
that

i >0, aVD;ji+b'Diii <0, cii <0 at(xo,1)-

This contradicts the fact that i, + Lu < 0. ]

Having proved the weak maximum principle for generalized super- and subsolu-
tions, we can derive the Boundary Point Lemma and Strong Maximum Principle,
and Growth Lemma, since they are all predicated on being able to compare u with a
suitable classical barrier function via the weak maximum principle.

Theorem 1.1.7 (Boundary Point Lemma) Let R > 0 and Y = (y,s) € RN*! be
given. Consider the lower paraboloid

Pr=Pr(¥)={X=(x,0): |x—y|>+(s—1) < R* and t < s}.

Suppose u € C(PR) satisfies u; + Lu > 0 in Pg in the generalized sense, and that
there is X1 = (x1, s) with |x; — y| = R such that

u(Xy) >u(X) and c(X)u(X;) <0 forall X € Pg. (1.11)
Then B - Vu(Xy) > 0 for any vector B such that 3 - (x; — y) > 0, in the sense

liming u(xy,s) —u(xy — ph,s) S0
h—0+ h

Proof This is originally due to Nirenberg [30], who used ellipsoid instead of
paraboloid. See [26, Chap. II, Lemma 2.8] for the proof. Here we observe that
the proof works not only for classical subsolutions, but also generalized subso-
lutions. This is based on observing that u(X;) — u and the auxiliary function
hg(r) = e~ —e~ @R’ form a pair of super- and sub-solution in the domain Pg\ Pg 2,
in the generalized sense. Here
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X =(x1,...,xn,2) and X = (X1,1,....XN,1,11),
rr=t—1] +Z,1'\=]1 |xi —Xi,1|2~

Therefore, fixing € > 0 so that
u(xi,s) —u(x,t) > ehg(r) on{X € dPgp, t < s}

and recalling that u(xy, s) — u(x,t) > 0 = ehg(r) on {X € dPg, t < s}, one may
apply the weak maximum principle to obtain

u(xi,s) — u(x,s) > ehg(r)
for all (x,S)GPR\PR/z. O

Lemma 1.1.8 (Growth Lemma due to Krylov-Safonov) Let R > 0 and a > 0 be
positive constants and set

0 ={(x,1): |x] <R, —aR* <t < 0}.

Then there exists a uniform positive constant k such that for each

ue {ﬂ €eCQr): >0 inQ, andii; + Li <0 in Q in the generalized sense}

if
u>h in{lx| <eR,t=-aR?}, forsomeh>0,0<e<l,
then .
u > in{|x| < R/2, t =0}.
Proof See [26, Lemma 2.6]. O

Theorem 1.1.9 (Strong Maximum Principle) Assume
ur+Lu<0 inQpr, Bu<0 onSQr, inthe generalized sense.

1. Ifu(x,0) <0inQ, thenu < 0in Qr. o
2. If, in addition, u(xy, to) = 0 for some (xg,ty) € Q % (0,T], then

u=0 inﬁx(O,to].

Proof We first show part 1. By replacing u(x, ) with e~ $'P €y (x, t) if necessary, we
may assume ¢ < 0 in Qr. Suppose u(x,0) < 0in Q, we need to show that u < 0 in
Qr. It suffices to show that v(x,t) = u(x,t) — et is negative in Qp for each € > 0.
Suppose to the contrary that there exists € > 0 such that supg,. v = v(xo, 79) > 0 for

some (xg, ty) € Qr, then necessarily 79 > 0.
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Step 1. We first discuss the case xo € Int Q. In this case, there exist a neighborhood
U of (xg, tp) and a smooth function # satisfying

i, + Lii <0 at(xo,t) (1.12)
and that
v(x,1) = u(x,t) — et > ii(x,t) — €t, such that equality holds at (x, #y).

Since v attains a positive local maximum point at (xo, #p), the smooth function
ii(x,t) — et also attains a positive maximum value at (xg, #g), i.e.

i; > €, aijDijﬁ+ bijIZ <0, cii <0, at(xg,1),

so that
i+ Lii>e>0 at(xg,tg),

which is in contradiction with (1.12).

Step 2. Suppose supg,. v > 0 and v < supg, v in Qr, i.e. v attains its positive
maximum at some (xg,?p) € dQ X (0,T]. By applying the Boundary Point Lemma
(Theorem 1.1.7) we deduce that

ijjﬁ > ijjv >0 at(xg,1).
But this is impossible since, according to the definition of generalized subsolutions,
pY%i >0 and prsz +p%i <0 at(xg,10).

Step 3. By Steps 1 and 2, v(x,1) = u(x,t) — et < 0in Qr for all € > 0. Letting
€ — 0, we conclude that ¥ < 0 in Q7. In summary, u(x,0) < 0in Q implies u < 0
in Q7. This proves assertion 1.

Step 4. Suppose that u(xg, t9) = 0 for some (xg, #p) € Q X (0,T]. Then the Growth
Lemma implies u(x,¢) = 0 in Q X [0, 79). By continuity, we have u(x,t) = 0 in
Q% [0,1].

Step 5. Suppose that u(xg, tp) = 0 for some (xo, 7p) € SQr and u < 0in Q X [0, 7p].
We may repeat the arguments in Step 2 to obtain a contradiction. This completes the
proof. O

1.2 The comparison principle for semilinear equations

Consider the semilinear parabolic equation:

ur+ Lu= f(x,t,u,Du) inQpr, Bu=0 onSQr, (1.13)
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where £ is a non-divergence form operator with continuous coefficients, f(x,¢, s, p)
is C* in x, C*? in t with @ € (0, 1), and C" in (s, p); Bu is the oblique boundary
operator.

Corollary 1.2.1 Suppose u,v € C(Qr) satisfies

{u,+£u < f(x,t,u,Du) and v;,+Lv> f(x,t,v,Dv) in Qr, (1.14)

Bu-v)<0 in SQr
in the generalized sense. If u(x,0) < v(x,0) in Q, thenu < v in Q.

Proof Suppose u,v € C>! (Qr) and satisfies (1.14) in the classical sense. It suffices
to observe that w = u — v satisfies

we+ Lw < b(x,t)-Dw+c(x,t)w inQp, Bw<0 onSQr

in the generalized sense, where

b(x,0) = [ Daf (x,t,u(x,1),EDulx,1) + (1 - &) Dv(x,1)) dé,
c(r,1) = [ Daf(x.t, Eulx,1) + (1= E)v(x,1), Dv(x,1)) dé,

and D; f is the partial derivative of f with respect to the i-th variable. The conclusion
follows from part 1 of Theorem 1.1.9. We leave the general case as an exercise (see
Problem ?7?). ]

Definition 1.2.2 Suppose f is independent of ¢, i.e. f = f(x,u, Du). We say that
0 € C*(Q) N C'(Q) is a subequilibrium of (1.13) in the classical sense if it satisfies
in the classical sense the following:

L£O< f(x,0,D0) inQ,  BI<0 ondQ. (1.15)

And we say that § € C (Q) is a subequilibrium of (1.13) in the generalized sense if
for each xq € Q, there exist a neighborhood U of x( in Q and a function § € C>!'(Q)
such that § > § in U, §(xo) = A(xo), and @ satisfies

L0(x0) < f(x0,8(x0), DO(x0)) incase xg € Q,

or
Bb(xp) < g(xg) incase xo € OQ.

Analogously, we define the notion of superequilibrium in the classical and gen-
eralized sense by reversing the above inequalities.

Remark 1.2.3 Suppose f is independent of ¢. If 6 is a subequilibrium of (1.13) in
the classical sense (resp. generalized sense), then it is automatically a subsolution of
(1.13) in the classical sense (resp. generalized sense). A similar statement holds for
superequilibrium.
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Corollary 1.2.4 (Monotone iteration method due to D. Sattinger [32])

Assume that f = f(x,u, p) is independent of t. Suppose u € 2N Qr)nCH0(Qx
(0,T1]) N C(Qr) is a classical solution of u; + Lu = f(x,u, Du) and uo(x) is a
subequilibrium (resp. superequilibrium) in the generalized sense, then t +— u(x,1)
is nondecreasing (resp. nonincreasing) for every x € Q. Moreover, if T = oo, and

sup ||u(at)||L°°(Q) < +00, lim sup “f(,u(’t),Du(’t))||L°°(Q) < +00,
t>0 t—00

then e (x) 1= lim;_e0 u(x, 1) converges in C(Q), such that u. € W>P (Q) satisfies
Bus = 0 in the classical sense, and is a strong solution of

L = f(X, Ueo, Do)  in Q. (1.16)
Proof By Corollary 1.2.1, we have
u(x,t9) > uo(x) forany (x,179) € Qx (0,7).

Next, fix tp € (0, T) and apply the comparison principle to the solutions to u; + Lu =
f(x,u) with initial conditions uq(x) and u(x, ty), we deduce that

u(x,t+1t9) > u(x,t) foranyx e Q, t e (0,7 —19].

This proves the first part.

For the second part, observe first that since u(x, t) is monotone and bounded as
t — oo, the limit u(x) := tlim u(x, t) exists in the pointwise sense and belongs to
L*(Q). Next, by the boundedness of u and f(x,t,u, Du) in L*(QX [0, o)), we can
apply the L? estimates to deduce that

sup ||u||W2~1”’(Q><[t,t+]]) < o0
r>1

This means u(x,  + k) — oo (x) — 0 as k — oo weakly in W>'-P(Q x [0, 1]) and
(thanks to Sobolev embedding) strongly in C'*-(1+®)/2(Q x [0, 1]). It is standard

to check that u., is a strong solution of (1.16), and classical solution of Bu. =0 on
0Q. O

Theorem 1.2.5 (Interior Harnack inequality) Let u € sz\fil 1oe (X (0,7)) NC(Qr)
be a strong solution of u; + Lu = 0in Q X (0,T) on Q. Suppose u is nonnegative

on Qr. For each compact set K C Q and 6 > 0, there exists C| = C(K) such that

supu(-,s) < Cy igfu(gt) forevery s,t € [0,T] satisfying s > 6, t—s > 0.
K

. 1.17)
If further assume that u € C*°(Qr) and Bu = 0 on SQr in the classical sense, then
C1 can be chosen independent of K, i.e.
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supu(-,s) < Cy igfu(-,t) forevery s,t € [0,T] satisfying s >0, t—s > 0.
Q
(1.18)

Proof For the proof of (1.17) see, e.g. [12, Theorem 2.2]. The estimate (1.18) is
contained in the proof of [21, Theorem 2.5] (which is, in turn, based on the weak
Harnack inequalities [21, Lemma 3.5] and [27, Theorem 7.10]). Here, we shall give
a quick proof of (1.18) for the special case of u being a nonnegative solution of the
Neumann problem

uy —Au=c(x,t)u in Qr,
Opu :=n;(x)D;u =0 onSQr, (1.19)
u(x,0) = up(x) in Q,

where A is the Laplace operator; Q is a bounded domain with smooth boundary 9Q;
n(x) = (n;(x)) is the outward unit normal vector on dQ; and ¢ € L (Qr). In this
case, let @i be an extension of u obtained via reflecting across the spatial boundary
SQr . Itis a standard fact that ii satisfies a uniformly parabolic equation in Q x [0, T,
for some bounded open set Q containing the closure of Q. Now, we may deduce
(1.18) from (1.17). m|

Next, we give a useful result due to J. Hiska [21, Theorem 2.5], for nonnegative
strong solutions. Note that classical solutions are automatically strong solutions.

Theorem 1.2.6 (Harnack principle) Let ¢ € L®(Qr), T > 6g. Then there exists
C (depending on 69 among other things, but independent of T) such that for every
nonnegative strong solution u € le\;il’loc (Qx(0,7) N CONQr) of us + Lu =0
in QX (0,T), which satisfies Bu = 0 on SQr in the classical sense, we have

supu(x,t) < Cinf u(x,t) foreacht € [6o,T].
xeQ x€eQ

Proof By comparing the solution u with the supersolution # = ell¢l=(=) gver the
set Q X [t1, 1], we deduce

sup u(x, 1) < el qup y(x,1;) foreveryO0 < <t <T. (1.20)
x€eQ xX€Q

Next, we apply (1.18) of Theorem 1.2.5 and obtain

supu(-,t —8p) < Cinfu(-,1). (1.21)
Q Q

Finally, we combine (1.20) and (1.21) to deduce that there exists C’ = Cell¢ll=
such that
supu(-,1) < ell=% supy (- 1 - §0) < C’infu(-,1). (1.22)
Q Q Q

This completes the proof. O
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Fix Xy = (XO, [0). Define
Q(Xo, R) = {(x,1) : |x —x0| < Rtg = R* < 1 <to}.

Theorem 1.2.7 (Local maximum principle) If u € lev’il(Q(Xo, R)) satisfies u; +
Lu < fin Q(Xo, R) in the strong sense, then for any p > 0 and r € (0, 1), there is

a constant C determined only by p,r and bounds of the coefficients such that

sup u<C

1/p
(R—N—2 / (u+)de) + RN NN v o xom) | -
Q(Xo,rR) Q(Xo,R)

Proof See [26, Theorem 7.36]. |

Corollary 1.2.8 Suppose u € le\l’il (Qr) satisfies u; — Au+b'Diu+cu < f in Qr
in the strong sense, and satisfies the Neumann boundary condition n;D;u = 0 on
SQy in the classical sense. Then for any p > 0 and ty € (0,T), there is a constant
C determined by p, the domain Qr, and bounds of the coefficients such that

sup u < C[llutllLe @y + 1l ] -
QX(to,T]

Proof This follows by first reflecting across the spatial boundary, to extend u such
that it is a strong solution to u; + Au < f in a larger cylinder domain /., and that

supu® < Csupu®.
Q. or

The conclusion follows from the local maximum principle (Theorem 1.2.7), and we
omit the details. O

1.3 The principal eigenvalue for linear elliptic operators

We recall the classical Krein-Rutman Theorem for positive compact linear operators.

Definition 1.3.1 Let K be a subset of a Banach space X.

1. The set K is a cone if (i) K is closed and convex , (ii) uK C K for all 4 > 0, and
(iii)) K N (-K) = {0}.

2. K is a total cone if itisaconeand K — K = {x —y : x,y € K} is dense in X.

3. K is a solid cone if it is a cone with nonempty interior.

Definition 1.3.2 The cone K in X induces a partial ordering of X. Forx,y € X, we
write
x<y (resp. x <y, X <y)
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if
y—xeK (resp.y—-xeK\{0}, y-xelntk).

In such a case, we say that X is an ordered Banach space with order induced by the
cone K.

We state the classical theorems due to Krein and Rutman [24]. The proofs can be
found in Appendix B.

Theorem 1.3.3 (Krein and Rutman) Suppose that X is a real ordered Banach
space with order induced by a total cone K, and T : X — X is a compact linear
operator with spectral radius r(T). If T(K) Cc K and r(T) > 0, then there exist
xo € K\ {0} and fy € K* \ {0} such that

Txo=rxo and T"fy=rj,
where r = r(T), T* is the adjoint of T, and K* is the adjoint cone

K'={feX": f(x) 20 forallx e K}.

Theorem 1.3.4 Suppose that X is a real ordered Banach space with order induced
by the cone K. If K is a solid cone and T : X — X is a compact linear operator
which is strongly monotone, i.e. T(K \ {0}) C IntK, then the following statements
hold.

1. The spectral radius r(T) is positive and is a simple eigenvalue with an eigenvector
v € Int K. Moreover, there is no other eigenvalue with an eigenvector in K \ {0}.
2. There exists € > 0 such that |A| < r(T) — € for all eigenvalues A € C\ {r(T)}.

In the following section, we will choose to work with eigenfunctions in the strong
sense. This is consistent with our applying Krein-Rutman Theorem to the inverse of
the elliptic operator £ in the space C (L) of continuous function on Q. Precisely, the
eigenfunctions for the elliptic problem thus belong to N5 WP (Q). We remark that
if all the coefficients are assumed to be Holder continuous, then the eigenfunctions
will be classical by virtue of the Schauder theory.

We will need the following touching lemma for strong solutions to elliptic prob-
lems with oblique derivative conditions.

Lemma 1.3.5 Let a'/, b’ ¢, p', p° be independent of time, and let p > N. Suppose
w € WP (Q) is a nonnegative, strong solution to

Lw>0 inQ,
Bw >0 onoQ.

Ifinfqw =0, then w = 0 in Q.
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Note that by Sobolev imbedding, w satisfies Bw > 0 in the classical sense on 9Q.

Proof By the interior Harnack inequality for nonnegative strong supersolutions [15,
Theorem 9.22] asserts that, for each xg and R > 0 such that By (x9) C Q,

1 1/p
(m Wp) < Cinfw
R Br

where p and C are positive constants independent of w. It follows that the set
A={xe€Q:w(x)=0}isopeninQ.Since w € C(Q), we see that A is also closed.
Hence A = Q or A is empty. In the first case, w = 0 and we are done. In the latter
case w > 0in Q and w(xp) = 0 for some xg € Q2. By the Hopf boundary lemma’,
this implies that Bw = p'D;w > 0 at xo this is a contradiction. Hence it must hold
that w = 0. O

Theorem 1.3.6 If a'/, b', c, p', p° are independent of time, then the elliptic eigen-

value problem
= in Q
{Lqﬁ ug  in Q, (1.23)

Bp=0 on 0Q
has a principal eigenvalue 1, in the sense that

1. 1 € Ris a simple eigenvalue of (1.23),

2. u1 < inf Re u, where the infimum is taken over all eigenvalues u of (1.23) which
is distinct from

3. The eigenfunction ¢\(x) corresponding to u can be chosen such that ¢, > 0 in
Q)

4. If u is an eigenvalue of (2.1) with a nonnegative eigenfunction, then y = .

Remark 1.3.7 1t follows from Theorem 1.3.6 that if the boundary value problem
Lw=puw inQ, Bw=0 ondQ

has a positive solution for some yo € R, then p is necessarily the principal eigenvalue
of (1.23).

Remark 1.3.8 In fact, the same conclusion holds for the weighted eigenvalue prob-
lem:

(1.24)
Bp=0 on 0Q,

{£¢ = uBp inQ,

where B € C(Q) is strictly positive on Q. See Problem ??.

Proof In the following, we present a proof based on applying the Krein-Rutman the-
orem to the inverse of elliptic operator L. A shorter proof is possible by considering

1 By Alexandrov-Bakelman-Pucci maximum principle [15, Theorem 9.1], one can repeat the proof
of [15, Lemma 3.4] or [28, Lemma 1.24] to compare the supersolution w (in the strong sense) with
the barrier function.
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the semigroup operator of the parabolic problem; this will be presented in Chapter 2.
If the elliptic problem is not linear (e.g. £ is only positively homogeneous of degree
one and is well-defined only in a cone), then it may be necessary to use the proof
based on the semigroup operator; see [18] for an example in this situation.

Recall that £ = —a'/ D;j—b'D;~c,where a'/, b', c € C°(Q) satisfy the ellipticity
condition (1.3). Replacing u by p — ”C”c@) — 1 in (1.23), we may assume without
loss of generality that ¢ < —1 in Q.

Consider the inhomogeneous linear problem

(1.25)
By =0 onoQ.

{Lv =f inQ,
Given f € C(Q), itis well-known that (1.25) has a unique solution v € N p>1 W2P(Q)
(se& e.g. [28, Theorem 6.30]). Hence, we can define the linear operator 7" : C (ﬁ) —
C(Q) such that T f = v. Moreover, for each p > 1, there exists C such that

IVllw2r @ < Cliflir@ < Clifllcg)-

The Sobolev embedding theorem (see [15, Chapter 7]) asserts that W7 (Q) is
compactly embedded in C'(Q) for p > N. We can therefore take p > N in the above
inequality and deduce that the linear operator 7 is compact.

Next, we remark that 7 is strongly monotone, by the classical maximum principle
for elliptic equations. Indeed, this can be derived from the maximum principle for
parabolic equation by observing that, by Duhamel’s principle, we have

Tf= /0 ®, [ f] dr,

where @, : C(Q) — C(Q) is the semigroup operator so that @, [ug] = u(-,t), with
u(x, t) being the unique solution to the initial boundary value problem

us;+Lu=0 in Qr,
Bu=0 on SQr,
u(x,0) =up(x) inQ.

Since ®; is strongly monotone for each ¢+ > 0 (thanks to the Strong Maximum
Principle for linear parabolic equations), so is 7.

Finally, we invoke the strong version of the Krein-Rutman Theorem (Theorem
1.3.4) to deduce that T has a principal eigenvalue Ay, in the sense that (i) A; € R is
a simple eigenvalue of T (ii)) A; > sup |A|, where the supremum is taken over all
other eigenvalues of T'; (iii) the eigenfunction ¢ corresponding to A can be chosen
so that ¢, > 0in Q; (iv) if A is an eigenvalue of T with a nonnegative eigenfunction,
then A = A;. By the definition of 7, we deduce that the problem (1.23) has the
principal eigenvalue | = Ail with the desired properties, except for assertion 2.
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We prove assertion 2 by adapting an argument from [11, Chapter 6]. Given any
other eigenvalue u € C of (1.23) such that Re u < uy, we will show that u = ;.
Indeed, let Lu = uu for some u # 0, set

u
V=—,
é1
then direct computation yields
1 2 v
uv=—Lv¢1)=Lv+cv——a’Djp1D;iv+—Lé1. (1.26)
o ol b1

Writing o' = b' + %aiijm and
Kv = —aijD,vjv - EiDiv,
we deduce from (1.26) that
Kv=(u-u)v inQ. (1.27)
Taking complex conjugate, we also derive
Kv=(g-pu)v inQ. (1.28)
Next, we compute
K(|v[*) = K(v#) = 5Kv + vK¥ — 2a D;vD jv < 7Kv + vKv — 20| Dv[*, (1.29)
where we used
a&€; = a[Re&Re; +Im&Imé;] > Aolél.
Substituting (1.27) and (1.28) into (1.29), we obtain
K(v|*) <2(Re pu — 1) |v|> = 240|Dv)*  in Q.
If Rey < pj, we claim that v is constant, i.e. u € span{¢;}. Indeed, let w =

(supg |v|?) — |v|?, then w satisfies

) 1.30
p'Djw =0 on 0Q. ( )

{KW >2Dv[*>0 and w>,20 inQ,
By construction, infg w = 0. By the touching lemma (see Lemma 1.3.5), it follows
that w = 0 in Q. Substituting this back into (1.30), we have that |Dv| = 0 in Q. This
implies that u € span {¢;}. Hence, u = u; and the proof is complete. O
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The following lemma gives a characterization of the maximum principle by the
existence of a positive strict supersolution. The reader may skip the proof on first
reading.

Lemma 1.3.9 Suppose that the assumptions of Theorem 1.3.6 hold. Let Q be a
bounded domain with smooth boundary 0Q, and let Q' C Q be a proper subdomain.
Suppose there exists w € C(Q ) such that w > 0 in Q and

>0 in Q’,
Lw= v (1.31)
Bw >0 in (0Q") N (0Q)
in the generalized sense. Then for any u € C(Q) such that
Lu<o0 in Q’,
Bu<0  in(9Q) N (0Q), (1.32)

u<0 on (0Q)NQ
in the generalized sense, we have

u=0 inQ, or u<0 nQ U[HQ)N(HQ)].

Proof Denote
0Q' =T UTl,, wherel'} = (0Q") N (0Q), Ty =(0Q")NQ.

Since Q' is a proper subset of Q, and both are connected, I'; is a nonempty set on
which w > 0 > u. Hence u # kw for all k£ > 0. By the strong maximum principle,
it suffices to show that # < 0 in Q’. Suppose not, then there exists a constant k > 0
such that v = u — kw satisfies

v<0 inQ’, andv(xg) =0 forsome x( € ﬁ’,

and also satisfies (1.32) in the generalized sense. On the one hand, the strong max-
imum principle implies xo ¢ ©’. On the other hand, w > 0 on I, so that v < 0 on
I, and hence xo & T». Hence, v < 0in &’ and v(xg) = 0 for some xy € 9Q’ \1:2.
Therefore, x( lies on the interior of I'j, which is the smooth part of dQ’. The Hopf
Boundary Lemma implies

Bv=p'Dyv+p’v=pDiv>0 atxg.
This is a contradiction, since Bv = Bu — kBw < 0. O

Corollary 1.3.10 Suppose that the assumptions of Theorem 1.3.6 hold. Let Q be a
bounded domain with smooth boundary 8€. Suppose there exists w € C(€) such
that w > 0 in Q and
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>0 in Q,
Lw = . (133)
Bw >0 in 0Q
in the generalized sense. Then for any u € C(Q) such that
<0 in Q,
Lu o (1.34)
Bu <0 in 0Q

in the generalized sense, one of the followings holds.

o u<0in g

e u=0inQ;

e u = kw in Q, and the equalities hold in (1.33) in the classical sense.

Remark 1.3.11 Incasew is a strict positive supersolution, then it must hold thatu < 0,
i.e. the maximum principle holds. In case there are no strict positive supersolutions,
then it must hold that p; < 0, where u; is the principal eigenvalue of (1.23)
(otherwise the corresponding eigenfunction ¢; > 0 is a strict positive supersolution).
In such a case the maximum principle fails as

Lo <0 inQ, B¢ =0
but ¢; > 0in Q.

Proof 1f u < 0in Q, then the strong maximum principle asserts that either u = 0 or
u < 0in Q. If u > 0 somewhere in Q, repeat the proof of Lemma 1.3.9 with Q" = Q,
then there exists k > 0 such that v = u — kw satisfies either v = 0 or v < 0 in Q. By
the choice of k, we must have v = 0. This implies that u € span{w}. O

One can estimate the principal eigenvalue by constructing appropriate su-
per/subsolutions, as the following two lemmas illustrate. For simplicity, we assume
in addition that a'/, b', ¢ € C*(Q) and p' € C'*(Q), so that the principal eigen-
function ¢ € C2*®(Q) thanks to the Schauder theory (see [28, Chapter 2]).

Lemma 1.3.12 Suppose that the assumptions of Theorem 1.3.6 hold and let u, be
the principal eigenvalue of (1.23). Suppose, in addition, that there exist a function
w € C(Q) and a constant u such that w > 0 in Q is a supersolution in the sense that

sz,t_tw inQ, and Bw >0 ondQ (1.35)

in the generalized sense. Then uy > u and the equality holds if and only if w is the
corresponding eigenfunction, i.e. the equalities hold in (1.35).

Proof Let u; and ¢ > 0 be the principal eigenvalue and positive eigenfunction of
(1.23). Define u = ¢—kw, where k > 0 is the least real number such that ¢; —kw < 0.

Suppose that ; < u, it remains to show that y; = ¢ and w satisfies (1.23) in the
classical sense. Indeed, Corollary 1.3.10 implies that u = ¢ — kw € span{¢}. By the
choice of k, we must have u = 0. Hence w € span{¢}. O
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Lemma 1.3.13 Suppose that the assumptions of Theorem 1.3.6 hold and let uy be the
principal eigenvalue of (1.23). Suppose, in addition, that there exist a nonnegative
and nontrivial function w € C(Q) and a constant 11 such that w is a subsolution of
(1.23), i.e.

Lw<uw inQ, and Bw <0 ondQ, (1.36)

in the generalized sense. Then uy < , and the equality holds if and only if w is the
corresponding eigenfunction, i.e. the equality holds in (1.36).

Proof Let u; and ¢ > 0 be the principal eigenvalue and positive eigenfunction of
(1.23). Define u = w—k¢, where k > Qs the least real number such that ¢; —kw < 0.

Suppose that ¢ > w, it remains to show that gy = i and w satisfies (1.23) in the
classical sense. Indeed, Corollary 1.3.10 implies that u = w — k¢ € span{¢}. By the
choice of k, we must have u = 0. Hence w € span{¢}. O

We end this chapter with a classical result: the monotonicity dependence of
eigenvalue on the growth rate c¢(-) and the diffusion rate d. Consider the following
elliptic eigenvalue problem.

—dA¢p —cp = in Q,
¢ C‘g pe (1.37)
n-Vo+p'9p=0 onadQ,

where d > 0and ¢ € C%(Q) and 0 < p° € C'*¥(Q) for some @ € (0, 1). It follows
that the principal eigenfunction ¢; € C**?(Q) satisfies (1.37) in the classical sense.

Lemma 1.3.14 Let u;(c) be the principal eigenvalue of (1.37), and let u,(c’) be
the principal eigenvalue of (1.37) with ¢ replaced by ¢'. If ¢ < ¢’ in Q, then

ui(c) 2 ui(c).
Proof This follows from Lemma 1.3.12. O

We prove the well-known results concerning the monotonicity of eigenvalue with
respect to the diffusion rate. Note that this monotonicity fails in general when the
drift is nonzero.

Proposition 1.3.15 Let u| be the principal eigenvalue of (1.37). Then uy = pi(d) is
smooth and nondecreasing in the diffusion rate d > 0. If, in addition, c is nonconstant
or p° # 0, then %pl > 0ford > 0.

Proof By scaling, we may assume without loss of generality that |Q| = 1. Fix a
positive eigenfunction ¢; corresponding to y; and normalize it by fg |¢1]> = 1.
Assuming smoothness, we denote ’ to be the partial derivative with respect to
diffusion rate d, and differentiate (1.37) to obtain
dA| + el + ] +Ady = —pj¢1  inQ, (138)
n-Ve, +p'p =0 on 0Q. '

We claim that
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/¢1A¢1 =/¢1A¢1. (1.39)
Q Q
Indeed,

/¢1A¢i =—/V¢1 'V¢i+/ $1(n- Vo))
Q Q 0Q
=/¢1A¢1+/ [¢1(n-V¢)) — i (n- V)]
Q oQ

= / P1AP + / [¢1(-p°¢}) — &1 (-p°¢1)]| = / ¢ Ad1,
Q oQ Q

where we used the homogeneous Robin boundary condition.
Multiply (1.38) by ¢ and using (1.39), we obtain

—#1/I¢1|2=/¢1(dA¢i+C¢i+u1¢i)+/¢1A¢1
Q Q Q

=/¢1(dA¢i+C¢i+#l¢i)—/|V¢1|2+/ ¢1(n-Vep)
Q Q 80

=/¢i(dA¢1+C¢1+ﬂ1¢1)—/|V¢1|2—/ PPl
Q Q o0Q

=—/|V¢1|2—/ POlol <0,
Q o0Q

This proves that ui > O foralld > 0, i.e. d — u; is nondecreasing. If, in addition,
either ¢ is nonconstant, or po # 0, then ¢ is nonconstant, so that /1; > 0 for all
d> 0.

It remains to prove the smooth dependence of (u;, ¢;) on d. We use an idea due
to A. Lazer (see [4, Lemma 1.2]) via applying the Implicit Function Theorem by
regarding (u1, ;) as the unique solution of the mapping ¥ : R XY X (0, 0) —
C*(Q), given by

T

g _(dA¢+c¢+/1¢)
d B %fgkblzdx ’
where .

Y={¢peCH**(Q): n-Vp+p’¢p=0 ondQ}.

For each d > 0, Theorem 1.3.6 asserts the existence of (uy, ¢1) = (u1(d), ¢1(x;d))
such that

F(u1(d), ¢1(-:d),d) = 0.

To prove the smooth dependence of (uy, ¢;) on d, it suffices to show that for each
fixed d > 0, the linear mapping

D) (u1(d), 1(::d),d) : RXY — C*(Q) xR



22 1 The maximum principle and principal eigenvalue for single equations

is invertible. To this end, given (f, g) € C @(Q) x R, we need to prove the existence
and uniqueness of (i, w) € R X Y such that

dAw +cw+mw+he; = f  inQ,
n-Vw+p'w=0 on 0Q, (1.40)

Jodw=2.

First we show existence. To this end, we choose & = /Q f¢1, so that

/(f—iwsl)qsl =(/f¢1)—71=0- (141)
Q Q

Next, we define w € W12(Q) to be the unique weak solution to

AAW + cW + W = f —h¢y  inQ,
n-Vio+p'n =0 on 6%,
Jower =0.

Such a choice of w is well-defined in view of the Fredholm alternative [15, Theorem
5.11], thanks to (1.41) and the fact that x4, is a simple eigenvalue with eigenfunction
¢1. Furthermore, w € C2*%(Q) according to elliptic regularity theory [28, Theorem
4.40]. Finally, define w = W + g¢;, and observe that (i, w) satisfies (1.40). This
proves existence.

To show uniqueness, we set ( £, g) = (0,0) in (1.40) and proceed to show (4, w) =
(0, 0). Indeed, multiplying the first equation of (1.40) by ¢, and integrating, we have

Jl/|¢1|2=/¢1(dAW+CW+#1W)=/W(dA¢1+C¢1+/11¢1)=0,
Q Q Q

where we used the Robin boundary condition of w and ¢, as we integrate by parts
twice for the second equality. Thus 4 = 0 and (1.40) becomes

dAw+cw+uyw=0 1inQ,
n-Vw+pow =0 on 0Q,
/ngﬁl =0.

Since y; is a simple eigenvalue, it follows that w = k¢, for some k € R, so that the
integral condition becomes fg ko | = 0. Since ¢1 #0,we have k =0.1e. w=0.
This completes the proof for the smooth dependence of (u;, ¢1) on d. O

Proposition 1.3.16 Let y1| be the principal eigenvalue of (1.37), where p° > 0. Then

M1 = —maxc. (1.42)
Q

Furthermore, we have
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li =- . 1.4
Jim g1y mﬁaxc (1.43)

Proof First, we integrate the first equation of

{—dA¢1 —c¢r =g inQ, (1.44)

n-Ve, +plp =0 on 9Q,

—/c¢1 sw/m (145)
Q Q

In particular, (1.42) holds. Note that (1.42) can also be established by applying
Lemma 1.3.12, which is the comparison principle for the principal eigenvalues; See
Problem 2?.

Next, we show (1.43). For this purpose, fix xg € Q and 0 < r < dist(xg, 9Q), and
let A and ¢ be the principal eigenvalue and the positive eigenfunction of

over Q to obtain

~-A¢=1¢ inB.(x0), $#=0 ondB,(xp).

Since ¢; > 0in B, (xp) and ¢ = 0 on 9B, (xo), up to multiplication of ¢ by a positive
constant, we may assume that

¢1>¢ inB,(xo) and ¢(xp) = (xy) >0 for some x, € B, (xp).
Therefore, Ag;(x;) > A¢ (x;)- Evaluating (1.44) at the point x), we have
dAG(xp) = ~dAG(xf) = (c(xf) + 1) (xp).
Divide by $(x() > 0, we have

w < —c(x)) +dA < — inf c+dA.
Br(x())

Taking lim sup as d — 0, and then sending r — 0, we have

limsup p; < —c(xg) foreachxg € Q.
d—0

Since xo € Q is arbitrary, we obtain

limsup u; £ —maxc. (1.46)
d—0 Q
Combining with the first inequality in (1.42), we obtain (1.43). O

Next, we prove an elementary result of semi-classical analysis.

Proposition 1.3.17 Let u; be the principal eigenvalue of (1.37), where p® > 0. Let
@1 be a positive eigenfunction associated with uy, which is normalized by supg ¢1 =
1, thenasd — 0,
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¢1 — 0 locally uniformly in Qy,
where Q= {x € Q: ¢(x) < supg, €}

Remark 1.3.18 Inparticular, the principal eigenfunction ¢ (normalized by supg, ¢ =
1) concentrates on the set where c attains its global maximum value.

Proof Setd = €2, then ¢1 and u; satisfies
~€A¢1 = (c(x) +u)p1  in Q.
Next, we introduce the WKB-ansatz (see [13])
we = —€log ¢.
Then w, > 0, and satisfies

—eAwe +0we|>+c(x)+u; =0 inQ,
n-Vw, >0 on 9Q, (1.47)

infaw, =0.
Define the semi-relaxed limit

we(x) = 1iIgi()nf we(x).

’

x'—x

SirEe we are nonnegative, we deduce that w, is a well-defined nonnegative function
in Q, if we allow the possibility that w, = +oo at certain points. The following claim
uses the concept of viscosity solution implicitly.

Claim w, : Q — [0, o] is lower semicontinuous in Q, infg w. = 0, and satisfies

we(x) >0 inQy={xeQ: c(x) <supc}. (1.48)
Q

The lower semicontinuity follows by construction. Next, choose a point x, € Q
such that w, (x.) = 0, we can then pass to a sequence such that x. — x| for some
x1 € Q. It then follows that w.(x;) < 0. Since w. is nonnegative, this proves that
infgw. =0.

Next, suppose to the contrary that there exists xo € Qsuch that ¢(xg) < supg ¢ and
w.(x0) = 0. Then w, + |x — xo|? has a strict local minimum at x,. By construction,
there exists y. € Q such that y. — x such that w. + |x — xo|? attains a local
minimum at y.. We first consider the case xg is an interior point, wherein y. are
interior points as well. Then

Viwe +lx—x0/) =0 and A(we+x—x0/*) =0 atye,

so that
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2 2
c(ye) +pu1 ==[0we(ye)l” +€Awe(ye) 2 =|2(ye —x0)|” - 2Ne,

where N is the dimension of Q. Letting € — 0, then u; — —supg ¢ (in view of
Proposition 1.3.16) and we obtain

¢(xg) —supc > 0.
Q

This contradicts c(xp) < supg c. Hence, (1.48) holds in case xg € Q. Incasexy € 09,
we consider instead the local minimum point y. of w (x) + |x — xo + eng|?, where
ng is the outer unit normal vector at x¢. Using the boundary condition of w ¢, there
exists » > 0 such that for all € small,

n-V(we(x) +|x —xo+enpl?) >0 ondQ N B, (xg).

It follows that the local minimum y. is attained in the interior, and one can argue
similarly as in the case xo € Q. Hence, (1.48) holds and the claim is proved.
Next, define
Qg ={xeQ:c(x) < sgpc—é},

where 6 > 01is the same as in the beginning of the proof. By the lower semicontinuity
of w,, the following positive number is well-defined.

1
n::zinfw* > 0.

S5
Q'()

Hence, there exists 6’ € (0,8) such that for € € (0,6’), we have infgg We = 1.
Hence, we deduce that

sup d1 <e ¢ forall0<e<I.
{xeQ: c(x)<supc—-6}

Since ¢ is arbitrary, this proves that ¢; — 0 in Cjoc ({x €eQ:c(x) < maxg c}). O

Proposition 1.3.19 Ler uy and ¢ be the principal eigenvalue and positive eigen-
function of (1.37). If p° = 0, then

—mﬁaxcﬁm S—ﬁ Qc. (1.49)
Furthermore, we have
d]i_{&’ul = —mﬁax c, (1.50)
lim u; = —L c, (1.51)
d—eo 1l Jo

and that, as d — oo, ¢1 — 1 weakly in w?2.p (Q) and strongly in Cl(ﬁ).
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Proof First, we integrate

—dA¢| — = in Q,
$1—cpr =g 1In (1.52)
n-V¢g; =0 on 0Q.
over £ to obtain
—/C¢1 =,u1/¢1- (1.53)
Q Q
In particular,
—maxc < y; < —minc. (1.54)
Q Q

Next, divide (1.52) by ¢; (note that ¢; > 0 in ﬁ) and integrate by parts,

\v/ 2
1Q|u; = —d | ¢12| —/cs—/c. (1.55)
a o1l Q Q

Combining (1.54) and (1.55), we derive (1.49). We also note that (1.50) is proved in
Proposition 1.3.19.

To show (1.51), we normalize the principal eigenfunction ¢; by supg ¢; = 1.
Dividing (1.52) by d, we have

1
-Ag¢; = E(C+/l1)¢1. (1.56)

By using elliptic L? estimates, we can pass to a subsequence to get ¢ — P Weakly
in WP (Q) and strongly in C'(Q), where ¢, is a strong solution of

“Apo=0 inQ, and n:-V¢,=0 ondQ.

i.e. ¢ IS a constant. Since ¢ — ¢ uniformly and supy ¢ = 1, it follows that
¢ = 1. In conclusion, ¢; — 1in C(Q) as d — oo. Letting d — oo in (1.53), we
obtain the desired result. O

To close the chapter, we consider the one-dimensional domain Q = (0, L), and
state a result concerning the dependence on drift.

Lemma 1.3.20 Let u; be the principal eigenvalue of
av" +ay’ +cy +uy =0 in(0,L), and '(0)=y’(L)=0.
If ¢(x) is nonconstant and nonincreasing, then % uy > 0fora e R

Proof Refer to [19, Lemma 5.2] or Lemma 8.3.7 in Chapter 8. O
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1.4 Further reading

In this text, we assume the knowledge of the regularity theory for elliptic and
parabolic equations. A nice overview of the basic theory can be found in [20] with
complete references to find specific proofs. The classical reference for regularity of
elliptic equations is [15], and a more recent account of the oblique derivative problem
can be found in [28]; see also [8]. For regularity theory of parabolic equations, see
[14,26]. An alternative to construct solutions to parabolic equations is via semigroup
theory, which is based on the variation of constants formulation. This latter approach
relies only on elliptic regularity estimates; see [16, 29].

An influential paper on monotone methods for elliptic and parabolic equations is
[32], which contains in particular Corollary 1.2.4.

The classical reference for maximum principles is [31], in which the maximum
principle in more general, noncylindrical domains, are treated for both elliptic and
parabolic equations.

We applied the Krein-Rutman Theorem 1.3.3, for compact linear operator pre-
serving a cone, to derive the principal eigenvalue for elliptic problems; see Appendix
B for the proof of various versions of the Krein-Rutman Theorem. Our estimate for
the spectral gap (assertion 2 of Theorem 1.3.6) is taken from [11, Chapter 6]. The
characterization of maximum principle by principal eigenvalue is a classical result;
see, e.g. [3] for the Dirichlet case in general bounded domains. A more practical
“rule of thump" can be stated as follows: for a given linear elliptic boundary value
problem, the validity of the maximum principle is equivalent to the existence of a
strict positive supersolution; see Corollary 1.3.10.

We also mention here the recent work by Chang et al. [5], where the authors
prove in an elementary way the strong version of the Krein-Rutman Theorem for
semi-strongly positive operators (including strongly positive operators), and study
the relationship between the semi-strong positivity and the ideal-irreducibility in
a Banach lattice, as well as the upper and lower spectral radii for reducible linear
positive operators. For reducible operators, they prove that the lower spectral radius
always serves as the least upper bound of the set of eigenvalues pertaining to positive
eigenvectors, and the upper spectral radius the greatest lower bound of the set.
Moreover, they apply these abstract results on some PDE examples.

The smooth dependence of principal eigenvalue, proved in Proposition 1.3.15 is
due to an idea of Lazer, which appeared in [4]. See also Chapter 4 for the recent
generalization to principal Floquet bundle.

In the absence of advection, we proved the monotonicity of the principal eigen-
value in diffusion rate in Proposition 1.3.15. This is connected to the so-called
reduction principle due to L. Altenberg [1] concerning the monotonicity of the spec-
tral bound s(pA + Q) in p € R, where A is a compact linear operator in a Banach
space with positive resolvents, and Q is a multiplicative operator. This, in turn, is a
generalization of a theorem due to Karlin [22] for the finite dimensional case; See
also [6, 23].

In Proposition 1.3.17, we use the WKB-ansatz to show that the eigenfunction
of (1.37), when normalized in L', tends to a measure u supported on the set of
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global maximum points of the zero-th order coefficient. The determination of this
measure is known as the semi-classical limits; See [17] and the references therein.
In general, if the zero-th order coefficient is a Morse function, then the set of global
maximum points is finite and the weight of u at each of these point is determined by
the associated Hessian.
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